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The recent discovery of the novel four-dimensional static and spherically symmetric Gauss-Bonnet
black hole provides a promising bed to test Gauss-Bonnet gravity by using astronomical observations
[Phys. Rev. Lett. 124, 081301 (2020)]. In this paper, we first obtain the rotating Gauss-Bonnet
black hole solution by using the Newman-Janis algorithm, and then study the shadow cast by
the nonrotating and rotating Gauss-Bonnet black holes. The result indicates that positive Gauss-
Bonnet coupling parameter shrinks the shadow, while negative one enlarges it. Meanwhile, both
the distortion and ratio of two diameters of the shadow are found to increase with the coupling
parameter for certain spin. Comparing with the Kerr black hole, the shadow gets more distorted
for positive coupling parameter, and less distorted for negative one. Furthermore, we calculate the
angular diameter of the shadow by making use of the observation of M87*. The result indicates that
negative dimensionless Gauss-Bonnet coupling parameter in (-4.5, 0) is more favored. Therefore,
our result gives a first constraint to Gauss-Bonnet gravity. We believe further study on the four-
dimensional rotating black hole will shed new light on Gauss-Bonnet gravity.
PACS numbers: 04.50.Kd, 04.25.-g, 04.70.-s
I. INTRODUCTION
Nearly one year ago, Event Horizon Telescope (EHT) Collaboration released the first image of the supermassive
black hole located at the center of M87 galaxy [1–6]. This fruitful outcome shows a fine structure near a black hole
horizon and opens up a new window to test the strong gravity regime. The result indicates that the black hole shadow
has a diameter 42±3 µas. Modeled M87* with a Kerr geometry, the observations were found to be well consistent
with the prediction of general relativity. However, there still exists a living space for some modified gravities due
to the finite resolution. With future observations, like the Next Generation Very Large Array [7], the Thirty Meter
Telescope [8], and the BlackHoleCam [9], it will offer us a good opportunity to peek into the regime of strong gravity,
and to distinguish different modified gravities. Meanwhile, more knowledge and information on modified gravities
and quantum gravity will be greatly revealed.
EHT observation restimulates the study of the black hole shadow. As we know, when photons are emitted from
its source, then fly past a black hole, they will have three results—absorbed by the black hole, reflected by the black
hole and then escaping to infinity, or surrounding the black hole one loop by one loop. These photons escaped from
the black hole will illuminate the sky of an observer. However, these photons absorbed by the black hole will leave a
dark zone for the observer. This dark zone is actually the black hole shadow.
As early as 1966, Synge studied the observed angular radius of a Schwarzschild black hole [10]. Later, a formula
describing the shadow size was given by Luminet [11]. Now it is generally known that the shadow shape of a spherically
symmetric black hole is round. While it will be elongated, for a rotating black hole, in the direction of the rotating axis
due to spacetime dragging effect [12, 13]. The size and distortion of the shadow have a close relation with the spacetime
geometry. Thus by constructing different observables, a number of papers concern how do these observables depend
on the parameters of the black hole spacetime [14–61]. There are other related works [62–70] that aim to constrain
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2the parameters of the black holes or other compact objects from astronomical observations of M87*. Moreover, it is
also expected to cast deep insight into modified gravities.
In the past few decades, different modified gravity theories were proposed with the attempt to solve the fundamental
questions, such as the quantum gravity and singularity problem. Among them, Gauss-Bonnet (GB) gravity including
higher curvature corrections is one of the most promising approaches. It is well known for a long time that there exist
different static and spherically symmetric black hole solutions from general relativity in d-dimensional spacetime with
d > 4. While no different black hole solution exists in four dimensions due to that the GB term is a total derivative,
and thus it has no contribution to the gravitational dynamics. Since the dimension of the observed spacetime is four,
it is extremely hard to test the nature of GB gravity through astronomical observations.
In Refs. [71, 72], the authors considered the GB gravity in four dimensions by rescaling the GB coupling parameter
α→ αd−4 . Very recently, Glavan and Lin [73] reconsidered this issue and proposed a general covariant modified gravity
in four dimensions, in which only the massless graviton propagates. It can also bypass the Lovelock’s theorem and
avoid Ostrogradsky instability. Taking the dimension number d → 4, the GB term shows a nontrivial contribution
to the gravitational dynamics. And then a nontrivial and novel four-dimensional static and spherically symmetric
black hole solution was discovered. Such black hole, in particular, offers us a promising bed to test the nature of
GB gravity. Subsequently, the quasinormal modes of scalar, electromagnetic and gravitational perturbations were
calculated in [74], where the results show that varying with the GB coupling parameter, the damping rate is more
sensitive characteristic than the real part. Dynamical eikonal instability occurs for larger GB coupling parameter.
The shadow cast by the spherically symmetric black hole was examined in Refs. [74, 75]. The shadow size exhibits a
close relation with the coupling parameter. In addition, all the radii of the innermost stable circular orbit, black hole
horizon, and the photon sphere are decreasing functions of the GB coupling parameter [75]. This black hole solution
was generalized to the charged case [76]. The cosmological and black hole solutions arising from the gravity was also
discussed in Ref. [77].
Although this novel gravity admits a nontrivial contribution in four dimensions, there are works concerning about
whether this gravity makes sense in general. Different multiple pathologies were pointed out in Refs. [78–86]. For
example in Ref. [80], the authors showed that such gravity does not admit a description in terms of a covariantly-
conserved rank-2 tensor in four dimensions. Other references argued that the dimensional regularization procedure
is ill-defined in a general spacetime. However, some regularized 4D EGB theories were presented in Refs. [87–89].
The regularization procedures include introducing an extra GB term constructed by a conformal metric [88, 89] and
compactification of the D-dimensional EGB theory [87]. The resulting gravity has an extra scalar degree of freedom
which helps us to obtain the field equations in a 4D version. Generally, it is believed that the regularization can
be applied to the maximally symmetric or spherical symmetric space in 4D spacetimes, while may be problematic
for the case of the axially symmetric case [89]. This approach suggests that the GB gravity belongs to the family
of Horndeski gravity. Following Ref. [82], the treatment was also found to be applicable in a spacetime with low
symmetry, for example the cylindrically symmetric spacetime [86]. However, it is worth to check this also works for
the axially symmetric spacetime. Nevertheless, it is still worth to investigate the novel properties of the black hole
solution in this gravity.
It is generally believed that almost all the astronomical black holes have spin. So it is worth to study the particular
properties for the rotating black hole, which will provide us opportunities to test the nature of GB gravity by using
astronomical observations, especially the observations of M87* by the EHT Collaboration. In this paper, we mainly
focus on studying the shadow cast by the GB black hole, and constraining the GB coupling parameter. So we first
generalize the black hole to a rotating one by using the Newman-Janis (NJ) algorithm [90]. Although it was found
in Ref. [91] that the NJ trick is not generally applicable in higher curvature theories, the solution might describe a
black hole with matter fields such as the fluids [92]. Therefore, it is worth to study the rotating black hole in this
GB gravity. Then, by modeling M87* with this rotating GB black hole, we constraint the GB coupling parameter
via the observations of EHT Collaboration. The result reveals that negative GB coupling parameter is more favored.
Another study on the shadow in Eeinstein-dilaton-Gauss-Bonnet black holes can be found in Ref. [93].
The paper is organized as follows. In Sec. II, we first show the nonrotating GB black hole solution, and then
extend it to its rotating counterpart by the NJ algorithm. Different regions of the spacetime in the parameter space
are also displayed. Null geodesics and circular photon orbit are given in Sec. III. In Sec. IV, the shadow shapes
are exhibited. Basing on them, we construct several observables and obtain their behaviors with the spin and GB
coupling parameter, which provides us the preliminary nature on the four-dimensional GB black hole. Comparing
with the Kerr black hole, we observe that positive coupling shrinks the shadow, while negative coupling enlarges it.
Then, after obtaining these results, we constraint the GB coupling parameter by calculating the angular diameter of
the shadow via the observation of M87* in Sec. V. Finally, the conclusions and discussions are presented in Sec. VI.
3II. FOUR-DIMENSIONAL GAUSS-BONNET BLACK HOLE
In this section, we will focus on the properties of the four-dimensional nonrotating and rotating black holes.
A. Non-rotating black hole
In GB gravity, it is well known that there are the static and spherically symmetric black hole solutions in a spacetime
with d ≥ 5, for examples see Refs. [94–98]. However, in four-dimensional spacetime, the GB term is a total derivative,
and thus it has no contribution to the gravitational dynamics. Until recently, a four-dimensional nontrival black hole
was discovered by Glavan and Lin [73]. They first rescaled the GB coupling parameter α→ α/(d− 4), then took the
limit d→ 4, and finally found a static and spherically symmetric black hole solution [73]
ds2 = f(r)dt2 − dr
2
f(r)
− r2(dθ2 + sin2 θdφ2), (1)
f(r) = 1 +
r2
2α
(
1−
√
1 +
8αM
r3
)
. (2)
This black hole solution exactly coincides with that obtained in a gravity with conformal anomaly [99, 100]. Here M
is the black hole mass. This solution can be obtained by solving the following action
S =
∫ √−gd4x (R+ αLGB) , (3)
LGB = RµνρσR
µνρσ − 4RµνRµν +R2, (4)
where we have taken 16piG = 1. This solution can bypass the Lovelock’s theorem and avoid Ostrogradsky instability.
When r → 0 and r →∞, we have
f(r → 0) = 1−
√
2M
α
r
1
2 +
1
2α
r2 +O
(
r
7
2
)
, (5)
f(r →∞) = 1− 2M
r
+
4αM2
r4
+O
(
1
r7
)
. (6)
So, this metric is asymptotic flat. As we know, GB gravity arises from low energy limit from heterotic string theory.
The GB coupling parameter α has dimensions of the square of length and plays the role of the inverse string tension.
The black hole horizons can be obtained by solving f(r) = 0, which gives
r± = M ±
√
M2 − α. (7)
For positive α, we have two horizons for α/M2 < 1, one degenerate horizon (corresponding to an extremal black hole)
for α/M2 = 1, while no horizon for α/M2 > 1. Although α acts as the inverse string tension and should be positive, the
solution (2) allows the existence of a negative α. This might extend the conventional GB gravity. So it is interesting
to examine the properties of this extended GB gravity with a negative α. We expect some interesting properties
could be revealed. For negative α, it was argued in Ref. [73] that no real solution exists at short radial distances
when r3 < −8αM . However it was noted that in the range −8 ≤ α/M2 < 0, the singular short radial distances are
always hidden inside the outer horizon r+ [75], which therefore provides a well behaved external solution. Therefore,
we consider the black hole solution in the region −8 ≤ α/M2 < 1 in this paper.
B. Rotating black hole
In this subsection, we would like to adopt the NJ algorithm [90] to generate the rotating GB black hole solution
from (1) by following the approach [92].
First, we introduce the Eddington-Finkelstein coordinates (u, r, θ, φ) with
du = dt− dr
f(r)
. (8)
4Then the metric of the nonrotating GB black hole becomes
ds2 = f(r)du2 + 2dudr − r2dθ2 − r2 sin2 θdφ2. (9)
Further, the metric can be expressed as
gab = lamb + lbna −mam¯b −mbm¯a, (10)
with the null tetrads given by [92]
la = δar , (11)
na = δaµ −
f(r)
2
δar , (12)
ma =
1√
2r
(
δaθ +
i
sin θ
δaφ
)
. (13)
It is easy to find that these null tetrads have the following relations:
lala = n
ana = m
ama = m¯
am¯a = 0, (14)
lama = l
am¯a = n
ama = n
am¯a = 0, (15)
lana = −mam¯a = 1. (16)
Now, we perform the complex coordinate transformations in (u, r)-plane following the NJ algorithm
u′ → u− ia cos θ,
r′ → r + ia cos θ, (17)
with a a spin parameter of the black hole.
Next step is complexifying the radial coordinate r in the NJ algorithm. However it is not necessary. As shown
by [92], this complexifying process can be dropped by considering that δµν transforms as a vector under (17). At the
same time the metric functions of (9) transform to new undetermined ones
f(r)→ F (r, a, θ), (18)
r2 → H(r, a, θ). (19)
After this transformation, the null tetrads become
la = δar , (20)
na = δaµ −
F
2
δar , (21)
ma =
1√
2H
(
(δaµ − δar )ia sin θ + δaθ +
i
sin θ
δaφ
)
. (22)
Making use of the new null tetrads, the rotating metric in the Eddington-Finkelstein coordinates is given by
ds2 = Fdu2 + 2dudr + 2a sin2 θ(1− F )dudφ− 2a sin2 θdrdφ
−Hdθ2 − sin2 θ (H + a2 sin2 θ(1− F )) dφ2. (23)
Bringing this coordinates back to the Boyer-Lindquist ones, we can obtain the rotating GB black hole. In order to
achieve it, we introduce a global coordinate transformation
du = dt+ λ(r)dr, (24)
dφ = dφ′ + χ(r)dr, (25)
with [92]
λ(r) = − a
2 + r2
a2 + r2f(r)
, (26)
χ(r) = − a
a2 + r2f(r)
. (27)
5At last, we choose
F =
(r2f(r) + a2 cos2 θ)
H
, (28)
H = r2 + a2 cos2 θ. (29)
Then the rotating black hole metric reads
ds2 = −∆
ρ2
(dt− a sin2 θdφ)2 + ρ
2
∆
dr2 + ρ2dθ2 +
sin2 θ
ρ2
(
adt− (r2 + a2)dφ)2 . (30)
Note that, we have changed the sign of the metric according to the convention. For the four-dimensional rotating GB
black hole, the metric functions are
ρ2 = r2 + a2 cos2 θ, (31)
∆ = r2 + a2 +
r4
2α
(
1−
√
1 +
8αM
r3
)
. (32)
It is worth to point out that a couple of days later after we submitted this paper to arXiv, there appears another paper
concerning the same rotating black hole case and its shadow [101]. We have set 16piG=1 in the action, so both the
two black hole solutions are the same. Here we would like to give a comment on the above black hole solution. Since
we cannot write out the field equations, it is extremely hard to directly check the solution (30). On the other hand,
one can check the trace of the field equations, R = −α2LGB , where the rescaling α→ α/(d− 4) has been done. It is
easy to find that the trace equation holds for θ = pi/2, which is because that the spacetime has a higher symmetry on
the equatorial plane. While the case behaves differently when it deviates this plane. After the NJ algorithm, we argue
that some matter fields such as fluids or scalar fields are introduced in the GB action [92]. So the solution obtained
here is not the GB vacuum solution. On the other hand, as we know, in GR, the Kerr solution can be obtained
from a Schwarzschild one by using the NJ algorithm, and both black holes are the vacuum solutions. However, when
applying the NJ algorithm to the four-dimensional GB black hole, the rotating one is not a vacuum solution anymore.
This as one wishes may be related to the pathological behaviour of the four-dimensional novel GB gravity, where only
highly symmetric spacetimes make sense. For spacetimes with low symmetry, some matter fields must be included.
Furthermore, considering the gravitational field equations, one can calculate the energy-momentum tensor. However,
for this four-dimensional GB gravity, one could not do this since there is no explicit field equations. But this could be
resolved according to Refs. [87–89], where some regularized 4D EGB theories were constructed and the gravitational
field equations were given. When the spin a = 0, this metric will reduce to the static and spherically symmetric one
(1). On the other hand, at the small α limit, we have
∆(α→ 0) = ∆Kerr + 4M
2
r2
α+O(α2), (33)
where ∆Kerr = r
2 − 2Mr + a2 for the Kerr black hole. It is clear that the GB coupling parameter α modifies the
Kerr solution.
The horizons of the black hole can be obtained by solving ∆ = 0. For positive 0 ≤ α/M2 ≤ 1, it is similar with
the Kerr case. There can be two horizons, one horizon, and no horizon. There exists a maximal value of spin a for
certain α, beyond which only the naked singularity is presented. While for negative α, only one positive real root of
∆ = 0 is found, which indicates that there only exists one black hole horizon. Also, similar to the nonrotating black
hole, the solution only exists for
r ≥ r0 = 2(−αM) 13 . (34)
In order to guarantee the existence of the horizon and r+ ≥ r0, one should have ∆(r0) ≤ 0, which requires that the
black hole spin satisfies the following relation
a2/M2 ≤ 4(−α/M2) 13
(
2− (−α/M2) 13
)
. (35)
At α = −M2, the spin approaches its maximum 2M . In Fig. 1, we show the different regions of the spacetime in
a/M -α/M2 plane. In regions I and II, they are black holes with two and one horizon, respectively. Region III is for
the naked singularity. Differently, in region IV, the spacetime has no horizon and has no real solution at the short
radial distances. Therefore, we only consider the black hole regions I and II. Although the rotating black hole is not
a vacuum solution in this GB gravity. It still worths to examine its gravitational effects. And this might show some
interesting properties of this four-dimensional GB gravity.
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FIG. 1: Regions I and II are black holes with two and one horizon, respectively. Region III is for the naked singularity. In
region IV, the spacetime does not have horizon and real solution at the short radial distances.
III. GEODESICS AND CIRCULAR PHOTON ORBITS
In this section, we would like to investigate the geodesics in the background of (30). We will study the circular
photon orbits of the black hole, which is a key quantity on examining the shadows cast by the four-dimensional GB
black hole.
The geodesics of a particle moving in this background can be obtained by solving the geodesic equation. Alternately,
one can adopt the Hamilton-Jacobi approach. The Hamilton-Jacobi equation describing the particle is
∂S
∂λ
= −1
2
gµν
∂S
∂xµ
∂S
∂xν
, (36)
where λ is the the affine parameter. For this black hole background, there are two Killing fields ∂t and ∂φ, which give
us two constants, the particle energy E and orbital angular momentum l along each geodesics
−E = gtµx˙µ, (37)
l = gφµx˙
µ. (38)
Then the Jacobi action can be separated as
S =
1
2
µ2λ− Et+ lφ+ Sr(r) + Sθ(θ), (39)
where µ2 is the rest mass of the particle. The functions Sr(r) and Sθ(θ), respectively, depends only on r and θ.
Substituting the Jacobi action (39) into the Hamilton-Jacobi equation (36), one obtains
Sr(r) =
∫ r √R(r)
∆(r)
dr, (40)
Sθ(θ) =
∫ θ√
Θ(θ)dθ, (41)
with
R =
[
(r2 + a2)E − al
]2
−∆
[
µ2r2 +K + (l − aE)2
]
, (42)
Θ = K + cos2 θ (a2(E2 − µ2)− l2 sin−2 θ) , (43)
where the Cater parameter K related to the Killing-Yano tensor field is another constant of the geodesics. Further
combining gµν x˙
µx˙ν = −µ2, we can obtain the following equation of motion for the particle in the background of a
7rotating GB black hole
ρ2
dt
dλ
= a(l − aE sin2 θ) + r
2 + a2
∆
(
E(r2 + a2)− al
)
, (44)
ρ2
dr
dλ
= ±
√
R, (45)
ρ2
dθ
dλ
= ±
√
Θ, (46)
ρ2
dφ
dλ
= (l csc2 θ − aE) + a
∆
(
E(r2 + a2)− al
)
. (47)
Now we focus on the circular photon orbits by analyzing the radial motion. Since we consider the motion of photon,
we take µ2 = 0 in the following. The radial motion (45) can be reexpressed as(
ρ2
dr
dλ
)2
+ Veff = 0. (48)
The effective potential reads
Veff/E
2 = −
[
(r2 + a2)− aξ
]2
+ ∆
[
η + (ξ − a)2
]
, (49)
where ξ = l/E and η = K/E2, and the function ∆ is given in Eq. (32). The unstable circular photon orbit satisfies
the following conditions
Veff = 0,
∂Veff
∂r
= 0,
∂2Veff
∂r2
< 0. (50)
The third condition ensures the orbit is unstable. Solving them, we obtain
ξ =
(
a2 + r2
)
∆′ − 4∆r
a∆′
, (51)
η =
r2
(
16∆
(
a2 −∆)− r2∆′2 + 8∆r∆′)
a2∆′2
, (52)
where the prime denotes the derivative with respect to r. Inserting them into the unstable condition (50), it requires
that the radius of the unstable orbit satisfies
r + 2
∆
∆′2
(∆′ − r∆′′) > 0, (53)
where we have used ∆ > 0 outside the horizon. It is easy to check that this condition holds for the Schwarzschild
black hole, where a = α = 0, and the radius r = 3M of the photon sphere. This can also be numerically checked for
the rotating GB black hole.
IV. BLACK HOLE SHADOWS AND OBSERVABLES
In this section, we would like to study the shadows cast by the nonrotating and rotating GB black holes. Before
performing the study, it is worthwhile pointing out that in our case, all light sources are located at infinity and
distributed uniformly in all directions. The observer is likewise located at infinity.
In order to describe the shadow under our assumption, one needs to introduce two celestial coordinates [12]
X = lim
r→∞
(
− r2 sin θdφ
dr
∣∣∣∣
θ→θ0
)
= −ξ csc θ0, (54)
Y = lim
r→∞
(
r2
dθ
dr
∣∣∣∣
θ→θ0
)
= ±
√
η + a2 cos2 θ0 − ξ2 cot2 θ0, (55)
where the equations of motion (44)-(47) are used, and θ0 is the inclination angle of the observer. If the observer
locates on the equatorial plane, these celestial coordinates simplify to
X = = −ξ (56)
Y = ±√η. (57)
8-5 0 5
-5
0
5
X/M
Y/M
(a)
-8 -6 -4 -2 04.5
5.0
5.5
6.0
6.5
α/M2
R
s/M
(b)
FIG. 2: (a) Shadows cast by the nonrotating GB black holes with α/M2=-8, -2, 0, 0.5, and 1 from outside to inside. (b) The
radius of the shadows as a function of α.
The shadow can be obtained by producing a parametric plot in the X-Y celestial plane consistent with Eqs. (51) and
(52), where the parameter governing the plot is r. Such region is actually not illuminated by the photon sources. The
boundary of the shadow can be determined by the radius of the circular photon orbits.
A. Nonrotating black hole shadows
Here we first consider the nonrotating black hole case, i.e., a=0, which is described by the metric (1). On the other
hand, because the spherically symmetry of the black hole, the inclination angle of the observer effectively equals to
θ0 = pi/2.
For this nonrotating black hole with a=0, the unstable orbit is just the photon sphere of the black hole. Solving
the first two conditions in (50), one can easily obtain the photon sphere radius rps, which is [75]
rps = 2
√
3M cos
(
1
3
arccos(− 4α
3
√
3M2
)
)
. (58)
When α = 0, this gives rps = 3M , which is just the result of the Schwarzschild black hole case. When α takes its
upper and lower bounds, i.e., -8M2 and M2, we have rps = 4.7428M and 2.3723M , respectively. The relation (58)
shows that rps decreases with α. Moreover, it is easy to check the condition (53).
The black hole shadow is round in this case. Employing the photon sphere radius rps, we can find the radius of
the black hole shadow. After a simple calculation, we obtain the equation describing the boundary of the black hole
shadow, which is given by
X2 + Y 2 = R2s, (59)
where Rs denotes the radius of the shadow
Rs =
√√√√ 2αr2ps
2α−
√
8αrps + r4ps + r
2
ps
. (60)
In Fig. 2(a), we show the shadows for the nonrotating GB black holes with α/M2=-8, -2, 0, 0.5, and 1 from outside
to inside. Obviously, the shadow shrinks with the increase of α. The radius Rs of the shadow is also plotted as a
function of α in Fig. 2(b). We can see that positive α shrinks the shadow and negative one enlarges the shadow.
In the following subsection, we will show that the influence of the black hole spin on the size of the shadow is very
tiny, and the shadow size is mainly dependent on the GB coupling α.
B. Rotating black hole shadows
When the black hole spin is included, the shape of the shadow behaves quite differently. The critical photons
moving from two different sides of the black hole have different values of ξ and η. This effect makes the black hole
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FIG. 3: Shadows of the rotating GB black holes. In the left panel, α/M2=-1.0, 0.2, 0.4, and 0.5157 from outside to inside. In
the right panel, α/M2=-1, 0.01, 0.04, and 0.0648 from outside to inside.
shadow be elongated in the direction of the spin axis. So for a rotating black hole shadow, its shape is not a round
but a distorted one. In this subsection, we focus on the shadow shapes cast by the rotating GB black holes.
Making use of (54) and (55), we plot the shadows for the rotating GB black holes in Fig. 3. All these figures show
that the shadow shrinks with the increase of α. Moreover, when the black hole spin approaches its maximal value,
the shadows get more deformed. However, when the inclination angle of the observer decreases such that θ0 = pi/6,
the shadows get less deformed when its spin approaches the maximal value. As a brief summary, we can conclude
that the black hole shadow size is mainly dependent of α, while its distortion is dependent of the black hole spin a.
In order to get the black hole parameters through fitting the observed data, observables play a key role. The size
and distortion are two important aspects of the shadows. So most of the observables are constructed through this
fact. For clear, the schematic picture of the black hole shadow is given in Fig. 4 for nonvanishing spin. There are
four characteristic points, the right point (Xr, 0), left point (Xl, 0), top point (Xt, Yt) and bottom point (Xb, Yb)
of the shape. Considering the symmetry, one has Xt = Xb and Yt = −Yb. As suggested in Ref. [14], the size of the
shadow can be approximately measured by the radius Rs of the reference circle, which is just the circle passing the
right, top, and bottom points of the shadow. Its center C is also on the X axis. The reference circle cuts the X axis
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FIG. 4: Schematic picture of the black hole shadow with nonvanishing spin.
at (X˜l, 0). For a shadow cast by a nonrotating black hole, we will have X˜l = Xl. However, the spin will departure
these two points, and the shadow shape gets distorted. Another observable δs is also given in Ref. [14] to measure
the distortion of the shadow with respect to the reference circle. In the following, we will study these observables as
function of the GB coupling parameter α.
From the geometry of the shadow, the observables Rs and δs can be expressed with the coordinates of these
characteristic points as
Rs =
(Xt −Xr)2 + Y 2t
2(Xr −Xt) , (61)
δs =
ds
Rs
=
Xl − X˜l
Rs
. (62)
Recently, the ratio k of two diameters ∆X and ∆Y attracts much more attention. It is a new observable that can be
fitted by the data of M87*. In terms of these coordinates, the ratio reads
ks =
∆Y
∆X
=
Yt − Yb
Xr −Xl =
2Yt
(2− δs)Rs . (63)
where we have used the relations X˜l = Xr − 2Rs. So it is clear that these observables are not independent of each
other. As shown in Fig. 3, we can see that if a black hole spin is not very close to its maximum, the shadow is almost
round. This conclusion is more true when the observer leaves the equatorial plane. Adopting this result, one has
Rs ≈ 2Yt, and thus ks ≈ 1/(2− δs). Moreover, since ∆Y ≥ ∆X, we have ks ≥ 1.
For black hole spin a/M=0.1, 0.3, 0.5, and 0.9, we calculate these observables when θ0=pi/2 and pi/6. The results
indicate that the influence of the spin is mainly on the maximum value of α, while on the shadow size Rs is very tiny.
So we will not show them here. The behaviors of observables δs and ks are exhibited in Fig. 5. From the figures, we
find that both δs and ks increase with α and a, while decrease with θ0. Further comparing with the Kerr black hole
case, positive α will increase δs and ks, while negative ones decrease them. For example, when a/M=0.9, the Kerr
black hole has δs=13.87% and ks=1.07 for θ0 = pi/2. Meanwhile, the rotating GB black hole can achieve δs=23.61%
and ks=1.13, respectively. One can expect, these values get larger for high black hole spin.
In summary, we obtain the following result: 1) the shadow size Rs is mainly dependent of the GB coupling parameter
α. Positive α decreases the size, while negative one increases it. 2) When the black hole approaches its extremal case,
the shadow will have larger values of δs and ks. We believe these results will provide us the information on how to
constraint the black hole spin a and the GB coupling parameter α.
11
-1.0 -0.5 0.0 0.5 1.00
5
10
15
20
25
α/M2
δ s(%)
(a)θ0 =
pi
2
-1.0 -0.5 0.0 0.5 1.01.00
1.02
1.04
1.06
1.08
1.10
1.12
1.14
α/M2
k s
(b)θ0 =
pi
2
-1.0 -0.5 0.0 0.5 1.00
1
2
3
4
5
6
7
α/M2
δ s(%)
(c)θ0 =
pi
6
-1.0 -0.5 0.0 0.5 1.01.000
1.005
1.010
1.015
1.020
1.025
1.030
1.035
α/M2
k s
(d)θ0 =
pi
6
FIG. 5: Observables δs and ks for the rotating GB black hole shadows. The spin is set as a/M=0.1 (black solid curve), 0.3
(dash purple curve), 0.5 (dotted dash red curve), and 0.9 (dotted blue curve) from bottom to top.
Before ending this section, we would like to note that here we only limit our attention in regions I and II, where
the black hole always has one horizon at least. In region III, it denotes the naked singularity. Similarly, a naked
singularity can also cast a shadow in the sky of an observer. However, its shadow is significantly different from the
black hole shadow. Generally, the shadow shape of a naked singularity will not be a two-dimensional dark zone, while
a one-dimensional opened dark arc. Considering that in a realistic scenario, the neighborhood of the arc will also be
darkened, and thus there will be a dark lunate shape for the naked singularity. On the other side, if the value of the
spin does not exceed the extreme case too much, the shape might similar to an extremal black hole. Surely, there is
no evidence that the naked singularity can exist in our universe beyond the cosmic censorship conjecture. It is also
worth to consider the shadow cast by a naked singularity. However, we only consider the black hole shadow in this
paper, and the shadow of the naked singularity is a valuable issue for future.
V. SHADOW OF M87* AND GAUSS-BONNET COUPLING
In this section, we would like to use the result of the EHT Collaboration to fit the GB coupling by the observation
of M87*.
For M87*, its observed shadow has an angular diameter of 42 ±3 µas. The observation of the jet indicates that
the inclination angle is about 17◦ [102]. Based on the stellar population measurements, the distance D of M87* from
us was estimated to be D=16.8±0.8 Mpc [103–105]. The stellar dynamics and gas dynamics studies showed that
the mass of M87* is about 6.2+1.1−0.5 × 109 M [106] and 3.5+0.9−0.3 × 109 M [107], respectively. Meanwhile, the EHT
Collaboration reported that the mass of M87* is 6.5±0.7× 109 M. Their result also implies that the absolute value
of the dimensionless black hole spin a/M is in the range (0.5, 0.94).
For simplicity, we adopt the following data, D=16.8 Mpc, M=6.2×109 M, and 6.5×109 M. The inclination
angle is chose to be 17◦. According to the Blandford-Znajek mechanism, the jet of M87* is powered by the black hole
spin. Thus we suppose that the inclination angle equals to the jet angle, and this result holds for this four-dimensional
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(a) (b)
FIG. 6: Contours of the angular diameter of M87* in a/M -α/M2 plane with D=16.8 Mpc, M = 6.2 × 109 M. (a) α/M2 ∈
(-7, 1). (b) α/M2 ∈ (0, 1).
GB black hole. Although as we show above, the rotating black hole solution only obeys the vacuum field equation
on the equatorial plane. However, note that when matter fields are included, the field equation could be satisfied.
So the choice of the inclination angle deviating from pi/2 may be appropriate. Then we examine the average angular
diameter Ds = 2Rs with Rs given by (61) to fit the shadow size 42 ±3 µas, or even 10% offset is considered.
First, we take M=6.2×109 M from the stellar dynamics, and show the contours of the angular diameter Ds of
M87* in a/M -α/M2 plane in Fig. 6. From Fig. 6(a), we see that α/M2 is about in the range (-4.5, -1) for the observed
shadow diameter 42 ±3 µas. Moreover even if the 10% offset of the diameter is taken into account, which reduces the
corresponding angular diameter to 37.8 µas, the associated GB coupling α/M2=-0.28 and -0.62 for |a|/M=0.5 and
0.9, respectively. Therefore, the observation favors negative values of the GB coupling α. For clarity, we also show
the contours in α/M2 ∈ (0, 1) in Fig. 6(b). It is evident that in the positive range of α, the diameter is about in
34∼37.5µas, which obviously lies out the observation.
When taking the mass of M87* M=6.5×109 M given by the EHT Collaboration, we plot the corresponding
contours in Fig. 7. For Ds ∈ (39, 45)µas, it also falls in the range of negative α. While taking into account of the
10% offset of the diameter such that Ds = 37.8µas, α/M
2 takes 0.26 for a/M=0.5. However when a/M >0.83, α will
become negative, i.e., α/M2=-0.05 for a/M=0.94.
In summary, combining with the mass estimated from the stellar dynamics or by the EHT Collaboration, the
observation favors α/M2 ∈(-4.5, 0) when considering the black hole spin a/M ∈(0.5, 0.94). Therefore, modeling M87*
with a rotating GB black hole, astronomical observation favors a negative GB coupling constant.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we first constructed a four-dimensional rotating GB black holes by using the NJ algorithm. Then,
we studied the geodesics of a particle moving in this background. Employing the null geodesics, we investigated
the shadow cast by nonrotating and rotating black holes. At last, by combining with the observation of M87*, we
constrained the possible range of the GB coupling parameter.
For the nonrotating black hole in the case of positive GB coupling parameter α, the property of its horizon is similar
to the charged black hole. Black hole with two horizons and naked singularity are bounded by the extremal black
hole with α = M2. While for the negative α case, it was found that at the short radial distances, the spacetime has
no real solution. However, if this range is hidden behind the horizon, the solution appears as a well behaved external
solution. Thus, the study can be extended to α/M2=-8.
For the rotating black hole case, the horizon will be deformed by the black hole spin. However, the major property
is still unchanged. As shown above, we have −8 ≤ α/M2 ≤ 1 and −2 ≤ a/M ≤ 2. The particular details were given
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FIG. 7: Contours of the angular diameter of M87* in a/M -α/M2 plane with D=16.8 Mpc, M = 6.5 × 109 M. (a) α/M2 ∈
(-7, 1). (b) α/M2 ∈ (0, 1)..
in Fig. 1.
The geodesics of a particle moving in the GB black hole background was solved following the Hamilton-Jacobi
approach, which was also found to be a Kerr-like result. Based on the null geodesics, the shadow in the celestial
coordinates was displayed. We observed that the shadow size is mainly dependent of α, for example, positive α
decreases the size while negative one increases it. On the other hand, the distortion mainly depends on the black hole
spin and the extremal bound. The distortion δs and the ratio ks of these two diameters were also studied. Both them
increase with a and α. Comparing with the Kerr black hole case, δs and ks increase with positive α and decrease
with the negative one. These results reveal the particular property of the GB coupling on the shadow shape.
Finally, we modeled M87* with this rotating GB black hole, and used the observation to constraint the possible
range of the GB coupling parameter. Considering the inclination angle θ0 = 17
◦ from the observation of the jet and
the distance D = 16.8Mpc from stellar population measurements, we plotted the contours of the angular diameter of
the rotating GB black hole with M=6.2×109 M and 6.5×109 M from the stellar dynamics and EHT Collaboration,
respectively. Comparing with the angular diameter 42 ±3 µas of M87*, our result supports that the GB parameter
α is negative. Even if the 10% offset of the diameter is taken into account, the most possible range still falls in the
negative α region.
Although the EHT Collaboration molded M87* with the Kerr black hole, and confirmed that the observation
supports the GR, it also leaves us a possible window to test modified gravity due to the resolution of the observation
and the unknown mass of the accretion of M87*. Combing with these two different mass data of M87*, our results
favor that the GB coupling should fall in the possible negative range α/M2 ∈(-4.5, 0) or take very small positive
values.
Since the four-dimensional GB black hole solution has just been discovered, it is worth to constraint the GB coupling
parameter from other astronomical observations. This also provides us a promising way to understand GB gravity in
four dimensions.
Note that the shadow was also studied in Ref. [101] after us for the same black hole solution. They calculated
the area and oblateness of the shadow and then found that the rotating black hole is consistent with M87* within
a finite parameter space. Here we investigated the distortion and oblateness of the shadow, and then fitted the
angular diameter with M87* data. It is worth to mention that in our approach, we also considered the negative GB
coupling parameter. Although there is no real solution at short distance, it is always hidden behind the outer horizon.
Therefore, such parameter range is also worth to be examined.
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